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• (continuous-time random process ) collection of indexed re.
X = (Xt ; t EIR) onthe sane (r,F. IP) . Can be viewed in 3ways :
i) For fixed TER

,
Xt is a fin onA Nice view)

qq.gg,ti) X is a fin on IRxD ,

with value Xt tu) for t.de/Rxr
iii ) For fixed oER, Xfw) is a fu of

'
t (sample -path view)

• ( counting function ) fn f : IR→ IN srt
. Hot = O

,
f is

non- decreasing , right continuous
- fuk # of 'counts' in lo , t] , Abl - flat = # of counts in Ca, b]
- If ti denotes the time of the ith count

,
then f ⇐ Ct , t, . -y

ti - ti - i = inter
-arrival or inter count time

Htt = En! IET > En3
,

ten = min ft : f# an }
.

- A random process is called a counting process if its
samplepathsarecountigfnsw.pl

•DEI ( Poisson process ) A counting process N on IRT
is called a homogeneous Poisson process ( P P ) with
intensity I > 0 if t KEIN ,

and t indices Ostia te . . . stir
the process satisfies
it N Cti) - N Cti - i) I Nltj ) - Nlt;-D f it j , i , j Ek]

iilNLtil-Nlti-tnpoihlti-ti-DIV-ic.LK#
• Does such aprocess exist ? And why do we want Poisson increments?



• Aside - Suppose we want a discrete - time counting process
which is time - homogeneous t Markarian - in other words
we want N = (Nen) i nEN) s

.

t PIN (na ) -- k I Nknkj]
= pjk F n

,

and PINK) = k l Nk-D
,

Nh-21 . . ., N =lPlNH=4NlmD

- Simplest candidate : Sum of Bernoulli trials
,
ie
,

Xli) r Ber (p)
,
iid

,
N(n) = EI Xli)

,
N (of O

- Inter - count times Ti -Tia ~ Gean (p)
- For any OE n , Ena E . . .

En n
,
we have

- N(nil- Nlni - i) I Nlnj) -N(nj - e) t itj
- N (ni) -N (ni -e) ~ Bin ( ni - ni - i

,
p)

- Moreover
,
more complex Hmcs can be

-
built up

'

usingthisbasicproc.es#
How can we go from here to create a continuous
time counting process ?

Heat - Replace Ti -Tie with a continuous distribution
.

In

particular , to preserve Markarian nature, we would want
the distribution to be memory less ⇒ Ti

-Ti
-in Exp(7)

Head - ' Scale ' the Bernoulli process to make it continuous time inthe limit.
N events

oilT - Replace IIXe with IN Xt

TN interval
- thus Nlt) ~ Bin (N 't

, PIN)
What happens when N-sa ?



• Amazingly both ideas give the same result - the Poisson process !
#

The (characterizations of the Poisson Process) Let Nlt)

be a counting process on IRT , and 730 .

The following
are all equivalent
i) N is a Poisson process with rate 7

,
i.e
,

FkGN and

Ost , E . .

. Eth
,
we have

Poisson . N Cti) - Nlt i. i) I Nttj) -Nttj - i) t it jpoint
process . N Cti) - N (ti -D re Poi (Nti - ti -D)
ii) Inter - count tines Ti

,
Tz -Ti

,
I -Tz

,
. . .

are iid Exp
Exponential
inter-count ie

.

PITI -Ti - i E k] = I - e-
Tk

times

iii) For any t 30 and 830

Hep IP [NATS) -Nlt) -- o] = I- IS +062)
stationary
increments IP [NCHS) - Nlt) = I] = IS t 062)

IP [ NATS) -Nlt) > I] = 015) (
'

simple process)
(where ft s) -- o (8) ⇐ fins. Hols = o )

iv) For any t 30 , NH - Poi Gt) , and given @ e
-

-
n}
,

the

uniform count times IT
,
T2
, - -

-

,
Tn are uniform in [ o, t] , i.e .

arrivals fft , ,tz , . . , th f Ne -- n) = { n !It ; O Ltktzc . . -CtnCl
in an

interval 0 i o w



We now show some of these equivalences
( it ⇒ Liii) For

any
t
,
S
,
we have NCHA -NCH n Poi GD

⇒ PLN (test - NIH -0 ] = e-18 = I - 1St 0184
PINGED - NH -- I] = lets = IS +0184

.

PLN#s) -NCH > D= I - e-" ( Itis)

-14118+0641-(78+064)=0642
lil ⇒ Ciii) For any t , S 70 ,

Let NHK k

IP [ NHS) -NH -

- o] = Pkk. - t > s]
= e-
7s=ExpG)

= I - 1st 064
Ipf NATS) -Nlt) = I ] = PITH - t 's 8

,
Thea > tes]

= 4. Xena
.

e-Hs
-⇒
da

= IS e- 78 = 78+0 ( S2)

lP[NGtS)-NH7D=l-e→E7Se→s=o#
( i)⇒ Lii) consider That

,
and Thi

.

Then

{The# t 3 = {AH -- o }
⇒ lpftneitk> t] = e-It = I - FAI for F- Exp ft)
⇒ The -Tn n Exp (7)

l#⇒liFwthupea
result on convergence of Binomials to Poisson me



Them (Poisson Approximation) Let Xin Ber (pi ) , independent,
and Sn = E Xi

.

Moreover
,

let Pn ~ PoiHn)
,

where

7 n = E-I pi . Then
div ( Sn, Pa) E 2¥,

Pf

Pf - Consider coupling (Xi , Yi) E {0,13 x No st .
'

, x=y= Opfxi -- x
,
Yi --D= feta? - pit ; x-- I , y -- oPis e- Pity ! i set

, y
71

Check that Xi n Ber (pi) , Yi n poi ( pi) .

Now
set Sn = E. Xi ,

Pn = E.Yi .

Check that

Ph n Poi ( Xn)
.

.

Moreover

IIP [E- k] - PIR=k]l = l pls n --k , R th] -Plath, Pa -- kN
E DIS --k

, SIR]tPlR=k,SHRI
⇒ div (Sn, Pn) = End P[sn=k]-p[R=k]lE2P[Sntpn]

Finally lpfsntpn] E Eri Pf Xi t Yi]
= Eia (e-Pi- I + pitPhi>D)
= EE pill- e- Pi) E EP? ⑨

Thus if XinBahn) and Soo -- Eiti ⇒ da Gn, PoiGDS 274N



Ci) ⇒ Civ) For any t > o , by definition til we have that

Nlt) n poi ( ft) .
To show Hl

,
we need to show the following .

Thin - Given Nlt ) = n
,
the n arrival timesTytz . ..tn

have the same distribution as the order statistics of
n independent ro Xi n U [ o

,
TT

Pf - Let Yes
,
Yes
,
. . .

,
Yen, denote Xi

,
Xz
,
.
.,Xn in sated order

,

and
consider the event Ej { Yes E Si, Yes Esz, - . ., Yes E Sn}
for any Oss , s Sz C - - - C Sn s t

. Similarly ,
for any permutation T -

- GH
,
oh
, . . . ,otnD of Cn] , let

E-
qs

= { X ray E Si
,
Xolikxolsksz

,
- -

;
X run-DE Xan)Esu}

Then the events Er are disjoint for any 5- {si} , and
Es = U Er

,
s

. Thus we have
r : permutation of Cn]

IPI Es ] = IP [ U Egs] = § PIEas]
= §lP[Xru, E Si , Xrkk Xra, Esz . . ;Xohik Xan> Esn]
= h ! IPIX , Esi

,
Xis Xz Ess

,
-

- -

,
Xue KE Sn]

= n ! ! % .
.
. ⇐Ydxndxni . - - doc ,

= !!nkr-xddx.tn . - dxn
,

where fth
,
in)=h¥

This is the joint pdf of the order statistics of n OG ,Bro Dg



propertiesofthepoissonprocess.TL
are 3 other important properties that characterize

Poisson processes .
. First

,
note that if Xu Poi (7) ad Yr Poilu)

,
XI Y
,
then

I = XtY r Poi Gtr) . To see this
,

note that

IPEEK] = IhopGti , ki] = .EE??inej?i=e*Lu5
DSuperpositionofPP-Let{Ni3isibeacoHeof#

of independent PP with rates it is
, i .
Then

- DI Ni
,Nj both have a jump at t ] = O a.s. Hi ,j , t

- If Epic
,
then Nlt) ⇐ I. Nih is aPPG)

Pf - t t 7,0
,
ECN H] = Effi: Nitti = At La

,
NH

⇒ Nlt)- NH) is as . finite for all ( ti,tz ] CIR . .

Moreover Nttz)- NAD I N Lta) - Nlt s) f disjoint intervals
since each is a sum of independent rt. s

Finally PIN Ltd-N Gi)=k] = hiya IPL (Ni Ltd -Nitti)) =D
= fig e- Kii tilt.-ti))⇐ Hot ,Dk
-

k!
= e-Ht't 'Yalta - t .) ) t.lk !



2) Random Splitting of PP - tf Nlt) is aPPG) , and it
is split randomly into Nlt) = A ,G) +Az LH

,
wherein each

arrival to Nlt) is independently sent to Alt) up. p , else
to Adt)

.

Then AHS n PPCpH
,
Adt)n PP a) and

A , ft) IAdt)
.

Pf - Clearly Ai lo) +Ado) = 0 .

Moreover
,
we know that

fu Nlt)
,
for any t , 8 we have lP[NHS) -NH -03=78+064

,

IP [ NHS) -Nlt) -- if I-78+064 and PCN Hts) -Nlt)>D= 064
.

By construction
,
we have PfAttest - Ahtt D= Fsp ? 064

,
P [ Attest -AH > D= 062) ad IPA ,Ets) -Althoff
- Tsp +062) (and similarly for Adt)) . Thus we
see Alt)- pplXp) ad Azfttnpp (Kpk) . Finally
to see Ai Hl IAH note that

Bff htt m) NAHH -- n'D = Ipl@ Itt- ntm ) Nathan))
= e-
It men

¥1
. ("I" ) pm 4yd

'

=emmi.ee?tHtplmGtltplY--lPLAilH--m7lPCAItI--n]



=

Note - Let Xin Expfxi) I , ?7i --Ka , and U =
-min {Xi }

.

Then U ~ Exp (7)
.

To see this
,
note

IP [ u > a] = DIII Xi > a) = II PIX .

- za]
=

.

e-
Dia

= e-
Aa

#

3) Competition among PP - If NIH = ENitti
,
where

i = INi - PP (Xi)
,
independent

,
and Ti; is the first arrival

time for Nih) and Ti = ryin IT,;} the first arrival
for Nlt) . Also let J = angryin {IT ,i} I first arriving process
Then 1pct, > a,J=i]=PGixa]pfJ=i]

= Gaa) (ayy,
⇐Exisa)

Pf - First consider NH = FE
,

Nitti for finite K
Pf Tt" >a) =p [ a:{NAH>as]=iIIe⇒ia= e-ta
Moreover IPLJ" -- i .TT?-3a3=PfaETiiE.initLTi.jD--aTaie-" " Plinth .it >Dda

= Jai e-"" e- Eiti da
= (Aids;D;)) e-KiHa

Finally since ETI" Za, Ikki}↳ IT , za ,J=i3
,
we cantake limits



Finally , we can generalize the basic PP in 2 ways .

• Time - inhomogeneous Poisson process - Lef X
-

the Rt

be a right - continuous fu with ESA Golda sa ft .
Then Nlt) is a non - homogeneous PP with rate Htt if
Nco ) = O

,
ad for any KEIN ,

and anyOct ,stir - --Ctr,
N (ti) -N Cti -D I NG;) - NH; -D tf i , j C- Eris , it j , and
Nlti) - N Iti -D re Poi (II

,

Haida)
• spatialpoissonpointpro-letN-ENka.pl, kidtie}
be a collection of random points in 1122 s . t :
i) t BC R2 with Lebesgue measure IBI , the number
of points NLB) = § Nca,g) dady satisfies
IPCNLB) -- n ] = ⑨ Bl )" e-NBYn ! the N

ti) V Bi
,
Bz
,
.
. .

,
Bk C 1122

,
Bin Bj = do ti, jetty,

we have N (Bi) I N (Bj)


