
Martingales



Defy (Martingale / submartingale / Supermartingale)
A real - valued stochastic process { Xn In >o set . this 0
i) Xn is adapted to an underlying filtration Fn
ii) E[Hnl ] Ca
issaidtobe#
- martingale if ELXn.nl In] ± X n th
- submartingale if ft [Xnt , I Fn] > Xn th
-

lsupernartingaleif.EU/ntiIFnTSXnV-#
•XnissaidtobeaFn-marting#
Eg - Yin indep

,

E [Yn] = O f n
,
Sn = Yo tht

.
.
- t't

Let Fh=r(Yo
,
. . .

.
Yn)

,
then Sn is a Fn- martingale

To see this
,
note Effy , IF]=Efh+, +Sn IFI = Sn

- Now let Var (Yik r? Then Mn = Sn' - na is
a Fn -martingale ,

as E-fun-ul Fn ] = Efsnef- filk't Fit
= Sn'-no' t E[Ynet t2Y¥n - 04 I]
= Sn2- not = M n

~

Ynti It Sn



- Finally suppose EffYi] La for some Q .

Then we have
that Gn = ESTEfeat]h is a Fn -martingale , as
Effna t Fn) = Efe'snet Efeoxyn" = Gn E¥%}on
#

ET - Xn ind
,
2- = f(Xi

,
k
,
. .
.

.

Xn )
,
Fn = r (Xy . ... Xn)

Let Yi = EEE t Fi ]
,

i E Eod
,
.
.
- n }

(so Yo = EEZ]
,
Yn = Efzttifftx, . . .,xn ) )

Yi is a Fn- martingale (Doob Martingale)
- E film , I In]=E[ECZI Fruit I Fn]
-

= E[2- I Fn] = Yn (tower rule)
• For example

,
consider No I # of isolated vertices in a Gnp

random graph .

Let 4,2
,
.
. .

. Ft) be an ordering of
potential edges lie, of V2 ) and Xi -- I {edge : is present InBerlpl .
Then Yo -- EfNo]

,

YE EIN ohh
,Xz . ..in?YcH-- No

• Similarity , suppose we drop m balls in n bins
,

and let
No = # of empty bins .

Let Xi = HE ith ball falls in empty bin 3 ⇒

Xin Ber (Yih)
,
where Yi = # of empty bins when ith ball is dropped.



- let Zina = EEN . Hi, . . ..XI ⇒ Zo -- EINO] -- n ( l - YNJM
2-
m
= No

,
and Zk -- E [No HD = Yall - yn T

-k

BythecarlierexanplqnehaeZ-misamatingf.DE#(Martingale Difference Sequence )Aro sequence {Dn3ns ,
relative to filtration {Fn) n > o St .

'

i) {Dd is adapted to { In}
ii) EflDnl ] ca th 71
iii) ElDnl Fn-if = O a.s t nZ I

• A random process { Hn}no, is
'said to be predictable

Wrt filtration {Fn) n> o if Hn is Fn - i measurable

• (Doob Decomposition) For any random sequence { Yn } n 31
with Ellyill sa

,
and adapted to some filtration Fn

,

we can write Yn -- tht Dn
,

whee Hu -- Flynt Fu..]
is a predictable process, and Dre Yu - Hn is a
martingale difference sega wrt # .

- ELD n IE- if -- Efik- EEN ht
..] -

- O
• (Martingale transform) If#↳is a martingale difference seqn,ad
{thnx is a predictable process wrt {Fn} ,then LHoDheHnDn
is a martingale difference seq n wit Fn .



- Interpretation - Hn is the
'

dollar amount
' bet in a gamble,

and Dn is the net gain per dollar of the gamble . Hu
being predictable ⇒ it can not '

know ' the outcome of the
gamble .

This
,
if a gambler started with Mo

,
then

after k rounds she has Mise Mot
.

Hi Di
,
whee

Mk is a martingale art ft }
.

- Also EKHrbn.TT = EL EKHNDnkttn.IT
= ECHL EIDE IED

⇒ EffMn -MDT = FEELHEE [Dil Fi]]
-

• (stopped Martingale) Let Lyn!!.se a Fn - martingale (submartingale)
and I a stopping time wrt #3.Then In = Yue , n30
is a Fn - martingale (sub martingale) ,

and

E-Lynne] > EEG] ,
n Zo

Pf - Let Hn = HEn e -4
,

which is Fn - predictable .
Thus

Ynac = Yo t Cha - Ya-D
= Yot H #iYn . . ) E martingale transform DE



Azuma - Hoeffding Inequality-
The first important use of martingales is in generalizing the
tail bounds (Chernoff - Hoeffting) we saw for iid res
We first need a lemma -

Lemmy- tf D is a ro with ELD] = o and PllDIED ] -- l
for constant dzo ( i.e.,Def-d. d ] as.) .

Then for any aGR
E- Lead ) s dad5k

Pf - since d' is convex fer any at R , we have .

that
.

eat ⇐ ¥ ead t xzdezetd fatEd, d]
Zd

⇒ Efead] s E [d¥ eat t.tt#e-adJ=e-azIead
Now consider flat =h¢ ) fol -

Hak Cee
-Heney.

'
-0 if , f-Toko

TETE ¥⇒z E I txt Co
,
i]

← for sane 5 C-Cod]

⇒ f (n) E f lol tfToke f-
"

(5) sik E 242 t
'

x Eloi )

. Finally Elea's] ⇐ exp( f- ( ad) ) E e'442

We are now ready to prove the main tail bound



Them (Azuma- Hoeffding Inequality ) suppose {Mn}% is

a martingale wrtkd.st.PL/M..,-MnkdnI=lV-n30
-Then

- lpflih - Mol 37] E2expfz¥÷⇐)
⑧

PIKER,E[ eat'm -Mol] = E [ Efedmn - oh-ith-i -MOYE,]]
Nate = E[ Efeacmn- Mn-ill Iif each - i - Md]
Efren - Matt Fn-I -01 #

( Mn -Mail Sdn as ,
and

⇐ eladn)4zE[eatMn-i - Mo))so Mn -Mail Fut Eds
n

Iterating , we get Efedth
-Mol] e

"Edick
. Now via the usual Chernoff bound

,
we have

1P[ Mn- Mo >a] EEfeacm-mye-afedkdik-atfac.ph
.

Setting a -- Hedi , we get lP[Mn-Mo > 5) set
42 id?

Repeating for Pf Mn-Mof - I ] (with Mn replaced with -Mn)
we get the result

Note . If BRE Mar-Mr-if Bktdnfo some predictable process Bn, then

we can tighten this to lpflmn -Mol >I] E 2e-2%4:)
.

(Try to see where this modifies the proof )



Ef - Let Xi, . .
.

be indeep rt
,
Ekiti pi, Hits di as. .

Now suppose Sn
= E. Xi and Mn = Sn - IE pi Then

Mn is amartingale , and thus via Azuma. Hoefffing
Hodnett: Pdsn- E.Pil > t] a- 2 exp tt¥÷.)
-

• Def (Bounded Differences ) . A fu f : X
"
→R is said

to satisfy bounded differences if FIELD, kpcz. . .,xn, y EX
I flay .

.

, xi-ipci.xi.is . . ., xn
) - flag . -Mi-pci ,ypci.ir?enHEC.Thm(McDiarmid 's Inequality) - Suppose f satisfies

bounded differences condition with parameter C, and
Xi
,
-
- -

,Xn are independent rt .
Then

IPLHx, . . . .xn) - EffGi. . . ,xnBl >7) E 2e
-2MW

If - Let Mi = EffHi
,
.
. .

.

xD l Xi
,
. . .

.
Xi] title . . . ,n3

Mo -- EffHi
,
.
. .

,
xd]

,
Mn = f Hy . . ,

Xn) and Mi is a
Doob martingale (wrt Fi = TCH , . . . ,xi )) .

Now we want to use A gum . - Hoeftting . Note that a
-Ma- i

-= ElfHill x.7 - Eff Hillx."is EffHill xi;XIII - EEHIIHII)



Similarly Mn - Mm > int (Effhill Xi; Hed - Efflxillxit'D
Claim - SERLEffhillx ,

"

,
Hed - Effkillx."D' - int ( Effhill x."in:D - Efflxillx .

"]kc
This follows by applying the bounded difference property for
all possible values of (Xna,Xu, - . ., Xn) , and then taking
expectations .

The theorem now follows from usingthe stronger version of A -H iaeg
B

-

Cy - Let 1=21,3 .
.
.

,
l:B be an enumeration of all edges

in a Gnp random graph G
,
and Let d (G) denote the

size of its largest independent set . Now consider

the Doob martingale Fe EW IX.is. . . , XD , where
Xi = HEedge i is presents ~ Bes (p) , ind , for k ECCL) ] .
Now note that d (G) changes by at most 1 given
information about a single edge ⇒ it satisfies
the bounded differences property with e- I. This

PING - Eucom >5k2expfn9y )
. Can this be tightened ? Consider V -- El

,
.
- in }

be an ordering of vertices of G , and



define Yi I { JE Li -D
,
Ci
, i SEE } be the

set of edges of i to preceding nodes in V
.

Now let En -- TING) / Yik] .

This is again
a martingale , and again , HG) changes
at most by l given Ya ! Thus b AH -

IPIIHG) - Elated] I >DEZexpf-2¥) is



Optionalstopping
. T is a stopping time wat filtration#In>o if
(recall) {TE n} E Fn H n 70

• Earlier we saw that far any Ft
-martingale Mt, for

fixed n EIN, we have : .

Efik] = EEE[Mnl Fn -B) --Efren -if = . - -=E[Mo]

On : Is E- [Me] = Elmo] fare stopping t.int ? .

Ez - let Kin Ber ( H
,
iid

,
Sn = if xi

Define I = inf Et Zo l Se -- b }

thenECM-I-bf-ECM.tl#Le-mma(stopped Martingale ) - tf Mn is a martingale and C- a

stopping time wrt filtration #In>o .

Then f nEIN ,
we have

E[ Mme] = E [Mo]
If - Meenaz - Minne = (Mna - Mn) IET> n }
⇒ If Maine - Mme] = EEE mi -Mn) Hearted]

HEE>us is →
adapted to Fa

= E[(E[Mn# t It] -Mn) Hee>us]
Mu is a martingale' 0

Thus El Meanie] --ECMnet Hao ⇒E[Mme]=E[Mf
D8



•Thus
, fo E[Me]

-

- ECMD
,
we need conditions to ensure

nth E[Mean] = E[Mf
then ( Optional stopping) If Mn is a martingale and I a stopping
time wrt filtration # ns.o . Then ELM Ef = ECMO] if one
of the following is true .

-

i ) IPU Eno] = I
ii) IM n l S c as tri
ii) Ekka & Ecl Mn. - Mnl l Fn] Lc

PI - From before ,
we have Mz = Mean +(Me-Mn) Head

and also E [Mean] = E[ Mo] th
.

Thus we have E[Me] = ECMO] t EAM z -Mn) Head
i) If PETE no] = I for some no

,
then An>no

,
TAKE as

ii) IMnah Sc a. s t n ⇒ by the dominated convergence
theorem

,
nky.EC Mean] = ECM=]

iii) let Ye = IMolt IM
,
-Mott . - - HMT -Mail ⇒ Mean E ftn70

Also E[Ye] = Efl Mol] t.EE[I Mi -Mi - if HE is-47
= EGM. I] + I.E[E[ I Mi - Mi - it Heisel Fi- it]
C- EGMol] t.I.lpfi.cc] ca

Thus we can now use dominated convergence to get tightHanifELMI
TB



Ef - Xi -
- Ilwpyz, Sn= E'Xi (Gambler 's Ruin)

.
For
any a

,
b. EIN

,

let Tab = min {n Isn = -a ar Sn:b}
. Sn is a martingale ⇒ Snm is a martingale
. IEEE] La and Eflsnti - Snl III] < I

⇒ we can use optional stopping .

Let pelisse
. .
= -a]

Pb -- I-pa=p[Scab -- b]
⇒ Else] -- -paatpsb = Eff-0 ⇒ Poe bktb

• Mn = Sf - n is amartingale
,
Eff Mna -Mnlf Fn] ? a

⇒Efk]=paftEf4se⇒)tPsfEEEls⇒D=EfMoI=o⇒EEf#
EI - (Harmonic fins of MCs ) Let Xn be an ergodic MC with

transition matrix P on countable space X , and
4 : S -SIR

be a bounded harmonic fn
,
i.e .

§ Playfully) = 464 HKEX

Let I = min { n ( Xn --i } lie
, first - passage time to state

i)

⇒ Efe] La
.

and Equihua) - 444117] ca

Thus Efy Get ] = EACH]=4lx) tx EX
( since we can choose Xo = x for any KEX )

⇒ 444 must be a constant function !



- Eet (Wald 's Lemma) . Let Xi
, Xz . . .

be iid re with finite
mean µ ,

and let Sn = EE Xi
.

Then Yn = Sn - nm is

a martingale wut the natural ⇐) , and
Ellynti - Yn l l Fn] = Ell X n -MDC x

Thus
,
for any stopping time I with Ekka , EGEtaEk]

• This can be generalized as follows - Suppose Xi have
moment generating fn M (t) = E- [etxi] , and F to

>Ost

1 E M Lto) &
.
Noo consider = etosY@kt.Dn

Then E [ Hei -Yu HEI = Yn Eff etf÷! - t HE.¥,EG"""tMHD:2h
Now if Isd LCH nEE for someT , then Yn E et 4MHot La
⇒ by optional stopping E[etST MATT] = I when KMHKA

•To see an application of this
,
suppose Xi is iid

,

Vavlxi)so
and I = min {n I Sn S - a or Sn> b} (Generalizing the SRW)
- l Snl E max Ca, b) if nCT and Ekka
to see the latter

,

note a M at Pfl Smbat b] as Xi has( positive variance
.

Now we consider Sm
,
Sam

.
- - -

)
- Now choose Ost Mto) =L

.

Let ya
= EGOS4 See -a] and

y, = E 4 Se > b] .

Then using Wald 's inequality
IP [ Se E - a]=zbI

,
IP [Se> b) =tza

2b - 2 a 2b - 2a



( Williams - Probability with Martingales)

Them ( Martingale Convergencetheorem) Let Ya be a

submartingale wrt filtration Fn ,

and suppose E.KHEM
Tn

.

Then F ro Ya with EKKD.ca set
.

Yn Ya as n→ a

Corollary - Any non -positive supermartingale / non- negative submartingale
.noergesa.stoaaintegrable#
The proof uses a key inequality about ' upcrossings

'

.

Defy (Upcrossing ) suppose (yn) n so is a real sequence and [a,b) CR .

Let IT = min Enl yn Ea} ,I = min { n>T, lyn 2b} , and subsequently
Tzu- i -- min {n> Ta - z ly nE a }, Tue 'min India-ily n Z b} .for K2?
Then [Tzu

,
Tzu] are called the upcrossings of [a ,b] .

Lemma- Let Un Ca ,bi y) = # of upcrossings of fab] by {yo,y , . . ;yn}, and
define U (a

,big ) = limn
-sa Un la

,big ) . If Ula,big)Ca for
all rational a ,b sit aLb .

Then Linga yn exists (may be infinite) .
Pf - Let l -- limit yn and u -- lineup yn s .t.lt u .Then Fa,be

s.t. ka Cb Lu .
Since yn Ea and yn> b for infinitely

many n ⇒ Ula,b ; g) = a which is a contradiction
.

Thus f- u
pm



-Note - The above limit was true for any sequence yn ! Now
for any random process Yn , if U[qbiY]o as;then it means

eachsamplepathaenoergeswpfe-mmafs.net's Upcrossing Inequality) Lett 't be an E- subnartingde, and
acts . Then E[On fab ;yDEEKYn-a

b -a

Pf - Since Yn is a submartingale ⇒Zeta -a)tis a sub martingale
( check)

. Upcrossings of [a,b] by Yn ¥5 upcrossings of
[0 , b - a] by Zn ⇒ Un Cais ; Y ) = Unto

,
b-a ; Z )

.

- Let Cini
,
Tzu)

,

bio be the upcrossings of [o, b -a) by Zn ,
and define Ii = HE icftu

,
Tzu] for seek 303 , i C- Cn] .

Note that Ii is adapted to Fit
.

Now we have

Cb -a) E[Unto , bait)] E Ef (Zi - Zi -D Ii ]
-

re
.

: each upcrossing
Upcrossings

contributes 3 b -a

zn
= i§E[Effi - Zi - i ) Iit Fi. .] ]

a-b E FI
,

Effi#Gil FEI - Zi - i))t÷÷:¥¥÷¥¥÷:""Ii -- O :- i ←O-

⇒ Co -a) E[Unto.ba ; E Eff n - Zo] E EEN] By



I?fofth - By the lemma, Elvia,bi 'D]EE¥L and taking
n → a

, ECU (qb ; y)] E (Mt talk -a .

# aCb
.

- Thus
,
Ula ,bit) La a. s

. for any given a,b , a2b .

Moreover
,
since Q1 is countable ⇒ ECO la,bit)] La

a. s . for all rationals a,b sit a2b .
⇒ Yn converges as.

to some limit Ya
Moreover by Fatou's lemma

EGm.TT#imninfHDslinnianfEflYnDEMp


