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• ProbabilisticMethodl
-

- Given a large collection of objects
,

show that at least one has a certain property
by arguing that a random object fromthe set has the property

• lthreshddphenomenatf - Further , if we scale n lie
,
consider larger collecting

of objects ) , then either almost all or almost none of the objects have the
property

Ef - A graph GCV
,
E) with Ntn is said to

be an n - clique (denoted kn) if E contains all
possible edges (i

,
j ) between nodes in V

.

- A 2- coloring of G is a function f C-→ {

rb.pyhichassociatesacolorinfybstoeachedgel.me
- If (2) 2- " " Ll

,
then 3 a two coloring of kn

s
.
t

.

There are no monochromatic Kk subgraph .

Pf - Let D= { 2-colorings of kn } , Irl -- 241
Let IP Uniform distr onA

Color each iijl with {r b's u.gr independently
- Let 11,2

.
. . .

.
3 be an enumeration of Kk subgraphs of kn



- Now let Ai = Ifsubgraph i C- KID is monochromatic]
⇒ IP [Ai] = 2 .

I ← Plan edges in ihcaogorhosen)
t choice of color

- IP [No monochromatic Kif =/ - Pff ist Ai=D
= I -PIE

"
Ai]

= Ip Ai) s PLAi) (union bound)
= (2) 2-

(Ht 's 1 (Assumption)
I

= I - S
- ⇒ lP[No monochromatic Kk] = S 70
.

'

. I 2-coloring of K ns.t.no monochromaticKk
tTheabove result is existence , bu can be made constructive
via a randomized algorithm .

This takes 2 forms -
• Monte Carlo Algo (Deterministic time, randomized correctness) - Gbr
m graphs randomly as above .

Then at least I satisfies
property w

. p > I - ( t-SM 3 I - e
- ms

. Las Vegas Algo ( Random time, deterministic correctness) - Color
single graph randomly , check if condition true, else repeat . . .



Thefirstmomentmethosthesere.fr/-oargwmentswhichonlyneedE
• Lemme - For XEN

, PIX>EGG > 0
,
PIKE to

Pf - Suppose PGE = o ⇒ ftp.?e4Pfx=x]
=

'

a PG⇒if a EX] which is a contradiction

o.temma-HXENo-fo.li?...3,thenlPLxto ] SEE]

Pf-lP[xso]=Pfx7l]EEbyMavk#
§ - tf m-- HtE)n logn balls thrown in n bins uar .Then the prob
that there is an empty bis goes to O .

If - Let X = # of empty bins ⇒ PIX to] C Efx]

Also Efx] = i.EE[HCBini is empty]
= h ( I - Yn)m = n (I - guyed n log n

f ne
- CkE) logn

= n

- E

⇒ IP[x to] s n
-E b O as n → a



Ef - For any undirected graph GCV ,
E) with IV knad

IEkm
,
F partition of V into sets A,Bst the cat

SLA
,
B) = {isit C-Eli EA ,itB} has ISLA

, B) I 3mL

Pf - For each i E V
,
put i in A up Yz

,
else i E B

⇒ For
any Li, it EE, we have Phi,it C- SCA,BB = Yz

Let Xi; = HE Esta
,BB ⇒ IS (A,B) I FreeXii

⇒ ELISTA,B) I ] =
,;§eeE Gii] = my

⇒p[lSlABH>mt
First moment arguments are sometimes strengthened if you
first thin the underlying set by sub-sampling .

-

Ez - In a given graph GLYE) , a- set BEV is
said to be independent if no pair of notes i, j
in B have an edge between them .

The size of the
largest independent set is denoted as A (G) .
- Finding a (G) is computationally hard ! In fact ,
even approximating it is hard . . .



The - For any G (V,E) with Nl
-

- n
,
IE km

,

we

have a (G) I n44ns
.

Pf - we first thin the graph by removing
each vertex independently with prob I- p
(Removing vertex ⇒ remove all incident edges )
- Let X = # of vertices which remain after thinning
⇒ Efx] = n p

-
Let Y =# of edges which remain afterthinning
⇒ E LY] =

,,¥eE Li ,j not thinned3) = m . P2
- Finally , we remove each remaining edge and
one of its neighbors arbitrarily .

The remaining
nodes form an independent set , with expected
size at least EG - Y] =p(n - m p) . Setting
p = Em lie

,
Y -

averagedegree
' of G)

,
we get Eff 'D --II

⇒ KG) 3 "Yam



The Second -Moment Method
#

• Till now we tried showing sore rave event happens lie,XtO)
What if instead we want to show a highly likely event !¥#s ?
t.emma-forXEINqlpfx-OJSVavlxHEG.IT
Pf - lP[x=o]E Phx-ECHIZEN] EvaGYE 2 Cchebgshw)
-

Eg - Suppose we throw m= f-E)nlogn balls in nbins
.

As before
,
let X= # of empty bins Lefty"

⇒ Efx] = n .
(t - Yn)m = n

.

n'"
' 9 a

Does this mean lPfx=o] Is 0 ? ¥S
. Let X -- X , +Xzt . . .

tXn
,
where Xi = A {Bini is empty }

Var Lx) = E.Vakil t ¥; GobiXi) * in Ber (s )
where Coo (Xi

,
X;) = Eflxi - Exi) Lxj - EXIT J

. Vardi) -- taxi] - taxi32=84 - s)
Cov (Xi

,
Xi) -- EffiXD -LEGIT = ( I -2kt- 82

To use the 2nd moment method we now want to

upper band Vor (x) = n Vor Lxi) t (2)CoolXi ,Xj)



• First for the covariance terms

Coo Cx ;xD -- t
- EY - H - 'at):( i -ET- f -Zt 's dm

⇒ Cool xi
,
Xi ) E O f n, m 30 !

⇒ Vat x) E n Var Lxi) = n 84 - s)
. Using the lemma

,
we have

PLX-- O] E¥q!z= tg E I =L !
NS EG]

• To complete the proof , we need to check that
Efx] does indeed 9 a with n

,

when m-

-H -E) nlogn .

This is true (try to shoo it . . . )
What is more important is to observe what

we did at ahigher level -
- We want to go from thx] fa to IPG --o] Is O

-

To do so
, we

shoo Var (x) E thx ] (or Verk) = o (ENT)
- Finally using PIX=D E Vff⇒z , we are done !

tosummarize - If Xn C-No , then we have as nk

i) If Elen] b O ⇒Pkn to] ↳ O ⑤

ii) If Elxn) 1a & EG:] -- ofEKD2) ⇒ Pkn-- o] GO



Thresholdphenomeno.in/avgerandomsgstems-
The moment methods are useful for studying threshold
phenomena in large systems - settings where as we scale
a system ,

then a certain property is always true or
never true depending on some underlying parameter .
Ef - If we throw m balls in n bins

,
then as n 1a

i) tf m -

- d - E) n log n ⇒ PG empty bid 91
ii) tf m = (H E) nlogn ⇒ Ptt empty bid b 0
In computer science ,

this is known as the coupon collector

problem ,
and in fact , we know sharper bounds than this

( see assignment) - however the 1st / 2nd moment methods give

ustheseboundsinaneasywayfEg.ttGcn
,
p) random graph is a random graph Y= GIV,E) where

Nl = n and Eij - Ber (p) t it j lie
,
each edge is present up. piid)

Let Gi" = # of Ka in a given Gln,p) graph .

Then we have

i) IP [ Can" -- O ] b 0 if p = of n
-2b)

ii) IP [ Ciii to] 60 if p -- w ( n
-%)

Thus p -0-443) is the threshold for existence of
4- cliques in a Gcn

, p) graph .



PI - Let i E { 1,2, . . .

,
(4) 3 be an enumeration of

← set of nodes in Ith ka
all potential 4- cliques

,
Xi = H±{Ci has a ke}

- E [Xi] = PG ( ' - ' a Ka has 6 edges)

- Efe ] -- E Xi] = (2) p
'
= rip

- Var ( Cii) = ( na) Var ki) t ¥; Gotti, x;)
Vav (xit-E.IE?fEGiI5ElHp6---oLn4p9

- Coo (Xi
,
X;) = 0 if I Ci A Cd = Oort lie, don't share anedge)

This is because such Xi
,
Xj are 1 !

!

- Fen Kin Ci 1--2
,
Coo (Xi

,
X;) EEIXIX;] Ep

"

this follows as Ci ad Cj have ledge in common

⇒ foolxiii) ⇐ (H . . P
" hip")

- For kin G- I =3
,
Cook;X;) s p

?
and we have

¥⇐⇒Cooking) -- off)
⇒ Var (Cii) = ① (http't nsp't n =often'D
Now we use the moment bounds to finishthe proof !



thelooaszlo.ca/Lemma-
• Our arguments till now depended on showing Efx ] > 0 ,
where X -- HIE} for some event E = Ei

.

There are 2- direct'ways
for this - i) Via the union bound on

' bad events
' E

Efx] = I - Pf -E. Ei ] > I - E
.

Ei ]

ii) tf Xi are independent ⇒ E[X] = II Efxi] ,
where Xi = HEE i3

,
Effi] = PLED

- The former works when bad events are small ( but arbitrarily
dependent) ; the latter only needs PIE] > 0 (so PCE KD,

butneedsthemtobeindependent.theLLLetsuscombi.ch#
• For aset of events Ei , . . .

,
En
,
their dependency graph GCV,El

has V-- {1,2, . . , n } and ti EV
,

event Ei is mutually independent

ofEEjlli.DE/E3Ci.e.,.allnon-neighbor#Le-mma4ooaszLocal Lemma) - Let Ei ,Ez, . . ,En be events with
dependency graph GCV ,E) . Suppose I xi E 10,1 ) fi Eln] sit

IP [Ei ] E- xi ( l - x;)

ThenP[Ei]3!Ilt
Corollary - tf PIE] E P , degli ) Ed and EPH < t.PL?fni??qaiaPf - Choose Xi =¥, ⇒ scilicet- sci --⇐If I > epi' Gods 1

Now
we can use the LLL I ⇒ epd -11K I



PI-The idea isto write IPL ED -- PLED PLEZIEIPLESIG
,Ed . .

- Pfaff .. .,E!
Now if IPEEIE.Ez.fi?jsxifooalli

,
then we are done !

- To show the above
,
we show that fi

,

and all SEEN]li
,

we

have IPTE.li#xil. We do so byinduction .

-

- Fix.
Fors -- ol , we have PIE ;] Exit.ie#-xi)Exi

- Now suppose its true for all 5€ Cnmi , Is
- Is s

.

.

Consider SEEDlist 151=5 .
We need to slow that

( i) IP[ Es] > 0 (so that PIE I Es] is defined )
Lii ) IP [Et Es] E ki
- PEED = PEE .EE?eeii...!I..slPlEkiEEiI

7- II ( I - xn) > 0 (by induction hypothesis)
I

- Next let 5- Sc U
,
where Se -- SANCi) (C- connected( Nil = Neighbors ofi in G) Sd -Sh ( [n] ) Nti)) this connected)

- tf s -- Sd ⇒ lP[El Esf = PIE ] Lexi
'

-
Otherwise IP I Es] = IPCEAE-s.AE.]

1P[Esch Esd
=lpfEAEscfes.it/PlEs#/pf-CsclEsDlPCEsD/NoowehauepfEn

Estes
.]ElPfEIEsIfPfEK . II. hail

-

: Ei IE j t i Esd



Moreover PEE salesD= Pf . fines
.

Er] Get E- Edin . .

= II ( l - PIEie I.Ae Eir , A.¥1 )
-E sloe

> II. 4- Kiel 3 ! eh -xD
← induction hypothesis

⇒ IP [ Et Es] E ki fi
,
HS with 1st -- s

Byindnotion.wecompktetheproof.ly
EI- (satisfiability) A K-SAT formula is a function of binary
variables 29

,xz, . . -pen C-
{0,13" of the form

flag .
. .

,
xn) = Am (x,cVxuV . . .Vara)

where A = AND (or conjunction) , V =OR(or disjunction)
,
xiccfx,

Kz
, .
. .

,
kn
,
Ii
,
Ez
,
. . .

,
In } = literal

,
and GCKV - - -

V xx) E clause
.

(In words - f is a conjunction of n disjunctive clauses , each with n literals)

Thin- A k- SAT formula where no variable appears in morethan

246k clauses is satisfiable lie, I xiEE.mn sit flat =D

PI - Set Xi - Berthe
.

Want to show pfftxy . . . ,Xn) -- I ] 70
- Let Ei I Event clause i not satisfied . PEETE 2-

h

.

Want BAIE]>O
- Ei I Ej if Ei and Ej share no common literals

⇒ d (Ei) E K
. (mm, # of clauses with sane literal) € 246

⇒ 6. PIE i]
,

'd CED < I ⇒ By LLL, Plain Ei] > O



• Asegue-2-S.AT
• A 2- SAT formula on {24 ,I .pk, - - - , kn, In } is of the form

flat = ( arsed Akil Ii ) h . . .

Claim - A satisfying assignment for a 2-SATformula can be found in poly-time
-
There are multiple ways to do this ; we will now see a simple randomized
algorithm, which then takes us into Markov chains

FpadimitrisWALK.AT/go)GimCNFfmafadcnystatingassignmtXo
For ie 1,2, -

- -

,
cn23

- tf Xli) is feasible , STOP and return xli)
- Else pick any unsatisfied clause, choose one of its literals di a.a. r
-

set a litD= x fi ) with bit li flipped

Claim - tf f is satisfiable
,

then WALK - SAT finds a satisfying assignment
with probability 3 Yz
Pf - Let S be any satisfying assignment , and let Ni = # of variables inXli)
which agree with S

.. If Xli) is not feasible ⇒
X Litt) = Xi) t l w p 742

, if Xli) C- { 1,2, . . ., n - I }{ Xli) - I w PG Yz
- Now htt hj = EL mink IN .

- -
- n

,
No =j3]

⇒ hj ⇐ I (hjntl) tzlhjt.tl/,h.n=O
Solve to get h j E h2- j2 En2

⇒ Efiine to return correct solution] E of


