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what is linear regression?



basis functions



regression: the frequentist view



Bayesian linear regression



normal-normal model for unknown µ

• data D = {X1,X2, . . . ,Xn} ∈ Rn

• model M: Xi i.i.d. from N (µ, τ), with unknown µ, known τ = 1/σ2

normal-normal model

- likelihood: p(D|µ) ∝ exp
(
−τ
∑n

i=1(xi − µ)2/2
)

- prior: µ ∼ N (Mµ, 1/τµ) ∝ exp
(
−τµ(µ−mµ)2/2

)
- posterior: let x = 1

n

∑n
i=1 xi , mD =

nτ ·x+τµ·mµ

nτ+τµ
and τD = nτ + τµ

p(µ|D) ∼ N (mD , 1/τD)

- posterior predictive distribution:

p(x |D) ∼ N (mD , 1/τ + 1/τD)



Bayesian linear regression

• data D = {(t1, x1), (t2, x2), . . . , (tN ,XN)} ∈ Rn

• model M: ti =
∑M−1

j=0 Wjφ(xi ) + ε, where ε ∼ N (0, β−1)

Bayesian linear regression model

- likelihood: p(D|W ) ∝ exp
(
−β
∑N

i=1(xi −W ᵀφ(xi ))2/2
)

- prior: W ∼ N (0, α−1I )

- posterior: let mD = T−1
D βΦᵀt and TD = βΦᵀΦ + αI

p(W |D) ∼ N
(
mD ,T

−1
D

)





Bayesian linear regression: example

ground truth: f (x) = 0.1x − 0.3



Bayesian linear regression

• data D = {(t1, x1), (t2, x2), . . . , (tN ,XN)} ∈ Rn

• model M: ti =
∑M−1

j=0 Wjφ(xi ) + ε, where ε ∼ N (0, β−1)

Bayesian linear regression model

- likelihood: p(D|W ) ∝ exp
(
−β
∑N

i=1(xi −W ᵀφ(xi ))2/2
)

- prior: W ∼ N (0, α−1I )

- posterior: let mD = T−1
D βΦᵀt and TD = βΦᵀΦ + αI

p(W |D) ∼ N
(
mD ,T

−1
D

)
- posterior predictive distribution:

p(t|D) ∼ N
(
mᵀ

Dφ(x), β−1 + φ(x)ᵀT−1
D φ(x)

)



Bayesian linear regression: posterior prediction



Bayesian linear regression: posterior sampling



the ‘equivalent’ kernel

• data D = {(t1, x1), (t2, x2), . . . , (tN ,XN)} ∈ Rn

• model M: ti =
∑M−1

j=0 Wjφ(xi ) + ε, where ε ∼ N (0, β−1)

- prior: W ∼ N (0, α−1I )

- posterior: let mD = T−1
D βΦᵀt and TD = βΦᵀΦ + αI , then

t(x |D) = mᵀ
Dφ(x) + εD

where εD ∼ N (0, β−1 + ΦᵀT−1
D Φᵀ)

alternately, y(x |D) =
∑N

n=1 k(x , xn)tn, where k(x , y) = βφ(x)TSDφ(y)



the equivalent kernel: example



equivalent kernels






