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dependent rv and info content



entropy: basic properties

rv X taking values X = {a1, a2, . . . , ak}, with pmf P[X = ai ] = pi

Shannon’s entropy function

• outcome X = ai has information content: h(ai ) = log2

⇣
1

pi

⌘

• random variable X has entropy: H(X ) = E[h(X )] =
P

k

i=1
pi log2

⇣
1

pi

⌘

- only depends on distribution of X (i.e., H(X ) = H(p1, p2, . . . , pk))

- H(X ) � 0 for all X

- if X ⇠ uniform on X , then H(X ) = log2 |X |; else, H(X )  log2 |X |

- if X ?? Y , then H(X ,Y ) = H(X ) + H(Y )

where joint entropy H(X ,Y ) , P
(x ,y) p(x , y) log2 1/p(x , y)



conditional entropy

conditional entropy

for any rvs X ,Y : H(X |Y ) =
P

y2Y p(y)H(X |Y = y)

=
P

y2Y p(y)
P

x2X p(x |y) log2(1/p(x |y))



the chain rule

the chain rule (information content)

for any rvs X ,Y and realizations x , y :

h(x , y) = h(x) + h(y |x) = h(y) + h(x |y)



the chain rule

the chain rule (entropy)

for any rvs X ,Y :

H(X ,Y ) = H(X ) + H(Y |X ) = H(Y ) + H(X |Y )



mutual information

mutual information

for any rvs X ,Y :

I (X ;Y ) = H(X )� H(X |Y ) = H(Y )� H(Y |X )

moreover, given any other conditioning rv Z

I (X ;Y |Z ) = H(X |Z )� H(X |Y ,Z ) = H(Y |Z )� H(Y |X ,Z )
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example



mutual information and KL divergence

mutual information

for any rvs X ,Y : I (X ;Y ) = H(X )� H(X |Y ) = H(Y )� H(Y |X )
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visualizing mutual information
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