


generative models for continuous data





continuous data and Gaussian priors

• data D = {X1,X2, . . . ,Xn} 2 Rn

• model M: Xi generated i.i.d. from N (µ,�2) distribution

Gaussian prior

- x 2 R, parameters: ⇥ = (µ,�)

- pdf: P[X1 = x1,X2 = x2, . . . ,Xn = xn] / 1

(�2)n/2
exp

⇣
�

Pn
i=1

(xi�µ)2

2�2

⌘

- normalizing constant: (2⇡)�n/2

3 options:

1. µ unknown, �2 known

2. �2 unknown, µ known

3. µ unknown, �2 unknown

notation: define precision ⌧ = 1

�2



case 1: unknown µ

• data D = {X1,X2, . . . ,Xn} 2 Rn

• model M: Xi i.i.d. from N (µ, 1/⌧), with unknown µ, known ⌧ = 1/�2

normal-normal model

- likelihood:

p(D|µ) / ⌧n/2 exp

 
�⌧

nX

i=1

(xi � µ)2/2

!

- prior parameter: ⇥0 = (mµ, 1/⌧µ) (mean, precision for µ)

- Gaussian prior for µ: µ ⇠ N (mµ, ⌧µ), where ⌧µ = 1/Var(µ)

p(µ|mµ, ⌧µ) / ⌧1/2µ exp
�
�⌧µ(µ�mµ)

2/2
�



normal-normal model: posterior



normal-normal model: posterior



normal-normal model: posterior predictive distribution



normal-normal model: posterior predictive distribution

• data D = {X1,X2, . . . ,Xn} 2 Rn

• model M: Xi i.i.d. from N (µ, ⌧), with unknown µ, known ⌧ = 1/�2

• thus we have

Xi = µ+ �Z1

µ = mµ + �µZ2



normal-normal model for unknown µ

• data D = {X1,X2, . . . ,Xn} 2 Rn

• model M: Xi i.i.d. from N (µ, ⌧), with unknown µ, known ⌧ = 1/�2

normal-normal model

- likelihood: p(D|µ) / exp
�
�⌧
Pn

i=1
(xi � µ)2/2

�

- prior: µ ⇠ N (Mµ, 1/⌧µ) / exp
�
�⌧µ(µ�mµ)2/2

�

- posterior: let x = 1

n

Pn
i=1

xi , mD = n⌧ ·x+⌧µ·mµ

n⌧+⌧µ
and ⌧D = n⌧ + ⌧µ

p(µ|D) ⇠ N (mD , 1/⌧D)

- posterior predictive distribution:

p(x |D) ⇠ N (mD , 1/⌧ + 1/⌧D)





the gamma distribution

gamma distribution

- x 2 (0,1), parameters: ⇥ = (↵,�) 2 R+ (’shape,rate’)

- pdf of Gamma(↵,�): p(x) / x
↵�1

e
��x

- normalizing constant: 1

Z(↵,�) =
�↵

�(↵)



case 2: unknown �

• data D = {X1,X2, . . . ,Xn} 2 Rn

• model M: Xi i.i.d. from N (µ, 1/⌧), with unknown ⌧ = 1/�, known µ

normal-gamma model

- likelihood:

p(D|✓) / ⌧n/2 exp

 
�⌧

nX

i=1

(xi � µ)2/2

!

- prior parameters: ⇥0 = (↵,�)

- gamma prior for ⌧ : ⌧ ⇠ Gamma(↵,�)

p(⌧ |↵,�) / ⌧↵�1
e
��⌧



normal-gamma model: posterior



normal-gamma model: posterior predictive distribution



the Student-t distribution

Student-t distribution

- x 2 R, parameter: µ 2 R, ⌫ > 0 (mean,’degrees of freedom’)

- pdf of student-t(µ, ⌫): p(x) /
⇣
1 + (x�µ)2

⌫

⌘ ⌫+1

2

- normalizing constant: 1

Z(µ,⌫) =
�(⌫+1)/2)p
⌫⇡�(⌫/2)

robustness of student-t to outliers



normal-gamma model for unknown ⌧

• data D = {X1,X2, . . . ,Xn} 2 Rn

• model M: Xi i.i.d. from N (µ,�2), with unknown ⌧ = 1/�2, known µ

normal-gamma model

- likelihood: p(D|✓) / exp
�
�⌧
Pn

i=1
(xi � µ)2/2

�

- prior for ⌧ : ⌧ ⇠ gamma(↵,�)

- posterior: let ↵D = ↵+ n
2
and �D = � + 1

2

Pn
i=1

(xi � µ)2

p(⌧ |D) ⇠ gamma (↵D ,�D)

- posterior predictive distribution:

p(x |D) ⇠ student-t



case 3: unknown µ and �2



case 3: unknown µ and �2


