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Bayesian basics

given model M with parameters ⇥, and data D, we define:

– the prior p(⇥|M): what you believe before you see data

– the posterior p(⇥|D,M): what you believe after you see data

– the marginal likelihood or evidence p(D|M): how probable is the data

under our prior and model

– the likelihood: L(⇥) , p(D|M, ✓): function of ⇥ summarizing the data

the fundamental formula of Bayesian statistics

posterior =
likelihood⇥ prior

evidence



Bayesian statistics: three ‘laws’

likelihood principle

given model M, all evidence in data D relevant to parameters ⇥ is

contained in the likelihood function L(⇥)

Cromwell’s rule

never set p(✓|M) = 0 or p(✓|M) = 1 for any ✓

choosing priors

• ‘principled’ choice: maximum entropy, ‘objective’ priors

• ‘computational’ choice: conjugate priors

- prior p(✓) is conjugate to likelihood p(D|✓) if corresponding
posterior p(✓|D) has same functional form as p(✓)

- natural conjugate prior: p(✓) has same functional form as p(D|✓)
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marginal likelihood (model evidence)

• data D = {X1,X2, . . . ,Xn} 2 {0, 1}n, contains N1 ones and N0 zeros

• model M: Xi are generated i.i.d. from a Ber(✓) distribution

marginal likelihood

p(D|M) =
p(✓)p(D|✓)
p(✓|D)

=
prior⇥ likelihood

posterior



summarizing the posterior

model M+ prior p(⇥)+ data D ) posterior p(⇥|D)

summarizing p(⇥|D)

• posterior mean b✓mean = E[⇥|D]

• posterior mode (or MAP estimate) b✓MAP = argmax⇥ p(⇥|D)

• posterior median b✓median = min{⇥ : p(⇥|D) � 0.5}
• Bayesian credible intervals: given � > 0, want (`⇥, u⇥) s.t.

P[`⇥  ⇥  u⇥|D] > 1� �



decision theory

given posterior p(⇥|D) and loss function L(⇥, a)

decision theoretic estimate ⇥?

choose ‘action/estimate’ ⇥? to minimize expected loss under posterior

b✓ = argmin
a

E⇥⇠p(⇥|D) [L(⇥, a)]

example loss functions

• L0 loss: L(⇥, a) = 1{⇥ 6=a} ) ⇥? = b✓mode

• L1 loss: L(⇥, a) = |⇥� a| ) ⇥? = b✓median

• L2 loss: L(⇥, a) = (⇥� a)2 ) ⇥? = b✓mean



binary data and Beta-Bernoulli prior

• data D = {X1,X2, . . . ,Xn} 2 {0, 1}n, contains N1 ones and N0 zeros

• model M: Xi are generated i.i.d. from a Ber(✓) distribution

Beta-Bernoulli model

- prior parameters: ⇥0 = (↵,�) 2 R+ (hyperparameters)

- Beta-Bernoulli prior: Beta(↵,�) ⇠ p(✓) / ✓↵�1(1� ✓)��1

- likelihood: p(D|✓) = xN1(1� x)N0

- posterior: p(✓|D) ⇠ Beta(↵+ N1,� + N0)

- marginal likelihood: let m = ↵+ �

p(D) =
�(m)

�(n +m)

�(N1 + ↵)

�(↵)

�(N0 + �)

�(�)



multiclass data and Dirichlet priors

• for i 2 [K ], data D contains Ni copies of type i

• model M: Xi generated i.i.d. from Multinomial(✓1, ✓2, . . . , ✓K ) distn

Dirichlet-Multinomial model

- prior parameters: ⇥0 = (↵1,↵2, . . . ,↵K ) 2 RK
+ (hyperparameters)

- Dirichlet prior: Dir(↵1,↵2, . . . ,↵K ) ⇠ p(✓) /
QK

i=1
✓↵i�1

i

- likelihood: p(D|✓) =
QK

i=1
✓Ni
i

- posterior: p(✓|D) ⇠ Dir(↵1 + N1,↵2 + N2, . . . ,↵K + NK )

- marginal likelihood: let m =
PK

i=1
↵i

p(D) =
�(m)

�(n +m)

KY

i=1

�(Ni + ↵i )

�(↵i )



normal-normal model for unknown µ

• data D = {X1,X2, . . . ,Xn} 2 Rn

• model M: Xi i.i.d. from N (µ, ⌧), with unknown µ, known ⌧ = 1/�2

normal-normal model

- likelihood: p(D|µ, ⌧) / exp
�
�⌧

Pn
i=1

(xi � µ)2/2
�

- prior: µ ⇠ N (mµ, 1/⌧µ)

- posterior: let x = 1

n

Pn
i=1

xi , mD = n⌧ ·x+⌧µ·mµ

n⌧+⌧µ
and ⌧D = n⌧ + ⌧µ

p(µ|D) ⇠ N (mD , 1/⌧D)

- posterior predictive distribution:

p(x |D) ⇠ N (mD , 1/⌧ + 1/⌧D)



normal-gamma model for unknown ⌧

• data D = {X1,X2, . . . ,Xn} 2 Rn

• model M: Xi i.i.d. from N (µ,�2), with unknown ⌧ = 1/�2, known µ

normal-gamma model

- likelihood: p(D|µ, ⌧) / exp
�
�⌧

Pn
i=1

(xi � µ)2/2
�

- prior for ⌧ : ⌧ ⇠ gamma(↵,�)

- posterior: let ↵D = ↵+ n
2
and �D = � + 1

2

Pn
i=1

(xi � µ)2

p(⌧ |D) ⇠ gamma (↵D ,�D)

- posterior predictive distribution:

p(x |D) ⇠ student-t





normal-(normal-gamma) model for unknown (µ, ⌧)

• data D = {X1,X2, . . . ,Xn} 2 Rn

• model M: Xi i.i.d. from N (µ, 1/⌧), unknown ⌧ = 1/�2, unknown µ

normal-(normal-gamma) model

- likelihood: D|µ, ⌧ ⇠ N (µ, 1/⌧)

- prior for (µ, ⌧): ⌧ ⇠ gamma(↵,�) and µ|⌧ ⇠ N (m0, 1/n0⌧)

- posterior: let x = 1

n

Pn
i=1

xi , mD = n⌧ ·x+n0⌧ ·mµ

n⌧+n0⌧
and ⌧D = n⌧ + n0⌧

p(µ|⌧,D) ⇠ N (mD , ⌧D)

also let ↵D = ↵+ n
2
, �D = � + 1

2

Pn
i=1

(xi � x)2 + nn0
2(n+n0)

(x �m0)2

p(⌧ |D) ⇠ gamma (↵D ,�D)

- posterior predictive distribution: p(x |D) ⇠ student-t



naive Bayes classifier



naive Bayes classifier



plan for remaining semester


